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Abstract
A technique is presented for the efficient analysis of finite printed antenna
arrays made of identical elements. A multipole expansion can be obtained for
planar layered medium GFs, and exploited to provide a fast evaluation of the
reaction integrals between the Macro Basis Functions used to compress the
original problem after decomposing it into subdomains (the array elements).
The computational complexity of that evaluation is dominated by the operations
related to the spherical wave term. Thus, taking into account the layered medium
does not increase the order of the complexity, as compared to the case of a
homogeneous medium. Examples are provided for non-periodic antenna arrays
and for 2D periodic leaky-wave antennas.
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Multipole-accelerated compressive domain
decomposition for the eﬃcient analysis of ﬁnite
printed antenna arrays
D. Gonzalez-Ovejero∗ F. Mesa† C. Craeye‡
Abstract — A technique is presented for the eﬃ-
cient analysis of ﬁnite printed antenna arrays made
of identical elements. A multipole expansion can be
obtained for planar layered medium GFs, and ex-
ploited to provide a fast evaluation of the reaction
integrals between the Macro Basis Functions used to
compress the original problem after decomposing it
into subdomains (the array elements). The compu-
tational complexity of that evaluation is dominated
by the operations related to the spherical wave term.
Thus, taking into account the layered medium does
not increase the order of the complexity, as com-
pared to the case of a homogeneous medium. Ex-
amples are provided for non-periodic antenna arrays
and for 2D periodic leaky-wave antennas.
1 INTRODUCTION
The analysis of circuits, antennas, and antenna ar-
rays in a planar layered medium has remained a
subject of intense research during the last decades.
In this regard, the Method of Moments (MoM)
based on the mixed potential integral equation
(MPIE) has been developed since the 1980’s [1].
In order to provide the array impedance matrix
and all the embedded element patterns in antenna
array problems, fast iterative methods need [2–4]
to be executed R times, where R is the number of
elements in the array; one for excitation at each
port. One also has to deal with ﬁne mesh details
by ﬁnding eﬃcient preconditioners. Hence, a re-
duction in the total number of unknowns that al-
lows for the use of a direct method can be advan-
tageous. One can exploit computationally cheap
problems to express the currents on each array ele-
ment as a small number of current distributions or
Macro Basis Functions (MBFs) [5]; the B elemen-
tary basis functions per antenna are replaced with
K MBFs. Then, solutions for multiple excitations
can be obtained with just one LU decomposition of
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the reduced MoM matrix. Even for single excita-
tion, this class of method remains competitive with
respect to iterative techniques up to a very large
number of unknowns [6].
The bottleneck in terms of computation time is
now the ﬁlling of the reduced matrix, whose el-
ements are the reaction integrals between MBFs.
Multipole expansions can be eﬃciently exploited
to compute the interactions between MBFs in a
planar layered medium for arrays made of identi-
cal elements. The method starts from the rational
function ﬁtting technique presented in [7], which is
used to obtain an expression for the spatial-domain
GF as a sum of cylindrical waves plus one spherical
wave. A multipole decomposition can then be ap-
plied to the cylindrical and spherical waves and the
reaction integrals between MBFs can be eﬃciently
obtained as explained in [8]. In this paper, we ap-
ply this technique to non-periodic antenna arrays
and 2D periodic leaky-wave antennas.
2 MULTIPOLE-ACCELERATED MBF
2.1 Macro Basis Functions
The Macro Basis Functions (MBFs) are current dis-
tributions deﬁned on each array element and ob-
tained through the solution of problems limited to
just one element or a small group of elements. The
K MBFs required to characterize one element are
normally much less than the B elementary basis
functions used to discretize the object, especially
when ﬁne mesh details are involved. Besides, for
arrays made of identical elements, the distributions
used as MBFs are the same for all the elements in
the array.
The k-th MBF can be written as a column vec-
tor sk consisting of B elements, which are the co-
eﬃcients αki needed to describe the k-th current
distribution in terms of elementary basis. All the
MBFs can be gathered in a B ×K matrix, P, de-
ﬁned as
P =
[
s1 s2 . . . sK
]
. (1)
If one applies Galerkin testing (i.e., uses identical
set of MBFs and “macro testing functions”), the
B×B block, Zmn, of the MoM impedance matrix
978-1-4673-5707-4/13/$31.00 ©2013 IEEE
 
 
1160
(whose entries are the reaction integrals between
the elementary basis functions on antenna n and
elementary testing functions on antenna m) can be
compressed into a K×K matrix using
Z′mn = P
T ZmnP , (2)
where the elements of Z′mn are reaction integrals
between MBFs. Similarly, the compressed seg-
ments of the excitation vector v are expressed as
v′n = P
T vn. Finally, the solution in terms of
elementary basis functions can be obtained from
the solution of the reduced system of equations
Z′ i′ = v′ as in = P i′n.
The above described compression of the MoM
impedance matrix leads to a O((KR)3) complexity
for solving the new system of equations. Bearing
in mind that K  B, this is much lower than the
O((BR)3) operations required to solve the original
problem by direct Gaussian elimination. Nonethe-
less, the computation of Zmn has a O(βB2) oper-
ation count (β is a constant that depends on the
average complexity of computing one reaction inte-
gral between elementary basis) and the evaluation
of (2) has a O(KB2) complexity. Hence, the re-
duced MoM matrix ﬁlling time is O(Rn(β+K)B2),
with n = 1 for periodic structures and n = 2 for
non-periodic ones, and it quickly becomes the dom-
inant computation in the total solution time.
2.2 Reaction integrals between MBFs
The rational function ﬁtting technique presented
in [7] is used to obtain an expression for the spatial-
domain GF as a sum of cylindrical waves and one
spherical wave term. This last term accounts for
an average homogeneous medium. Thus, a multi-
pole decomposition can be applied to the layered-
medium GF and the reaction integrals between
MBFs can be eﬃciently obtained.
Each element of Z′ can be expressed as the
sum of three contributions: ZavTS , Z
A
TS and Z
φ
TS ,
The contribution due to the extracted homogeneous
medium to the reaction integral between the S-th
source MBF and the T -th test MBF can be written
as
ZavTS =
−(kav)2ηav
(4π)2
∫∫
U
F−,oT,m(k
av, uˆ)· F+,oS,n (kav, uˆ)
× T3(kav, ρmn, uˆ)dU (3)
where kav and ηav are the wavenumber and
impedance of the extracted homogeneous medium,
respectively, uˆ is a unit vector spanning the
unit sphere U , T3(·) is a translation operator [8,
Eq.(26)], ρmn is the distance between the n-th
source antenna and the m-th test antenna, and
F−,oT,m and F
+,o
S,n are the far-ﬁeld patterns of the S-th
and T -th MBFs, respectively, deﬁned as
F±,oT,m(k
av, uˆ) =
B∑
i=1
αTi F
±,o
i,m(k
av, uˆ) (4)
with αTi being the MBF’s coeﬃcients in terms of
elementary basis functions. The superscript o indi-
cates that only the components of the ﬁelds orthog-
onal to uˆ are taken into account, and F±i,m(k
av, uˆ) is
the pattern of the i-th elementary basis function in
antennam, deﬁned using as phase center the center
of m.
Similarly, if one considers the vector potential
term, we can write
ZATS = −jωμ0
Mh∑
h=0
aAh
8π
2π∫
0
F−T,m(p
A
h , αˆ) · F+S,n(pAh , αˆ)
× T2(pAh , ρmn, α)dα (5)
where aAh and p
A
h are the coeﬃcients that deﬁne
the magnetic vector potential in terms of cylindrical
waves as described in [8, Eq.(1)]. F−T,m and F
+
S,n
respond to a deﬁnition equivalent to that in (4)
and T2(·) is a 2D translation operator [8, Eq.(27)].
The scalar potential contribution ZφTS can also be
expressed in the form of (5) using the coeﬃcients
aφh and p
φ
h and the patterns of the divergences of
the MBFs.
2.3 Computational complexity
The computational complexity of the proposed fast
calculation for the reaction integral between two
MBFs is given by two contributions. The ﬁrst one
is related to the cylindrical waves (1D integral in
(5)) and is proportional to O(kd), where k is the
wavenumber and d is the radius of the smallest
sphere containing the antenna. The second con-
tribution is due to the extracted average homoge-
neous medium, corresponding to the spherical wave
term (2D integral in (3)), and presents a (kd)2 de-
pendence. Hence, the cost of computing the reac-
tion integral between a pair of MBFs is indepen-
dent of the mesh density and is dominated by the
O((kd)2) complexity associated with the spherical
wave term, which (for typical discretization) is of
the same order as O(B) or even smaller. This is sig-
niﬁcantly lower than the O(B2) operations needed
by the MBF technique when the interactions are
not accelerated by any means. Thus, it is possible
to deal with planar layered media without increas-
ing the order of the complexity compared to equiv-
alent fast computations in a homogeneous medium.
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Figure 1: Geometry of the random array made of 81 bowtie
antennas and surface current density on the metalizations in
dBA/m2.
3 NUMERICAL EXAMPLES
3.1 Random array of bowtie antennas
An array consisting of 81 bowtie antennas is ana-
lyzed. The bowties lie on a 1 cm thick grounded
slab with r = 4.4, and they are randomly dis-
tributed in a square area, as shown in Fig. 1. The
radiating element has been discretized with 333 el-
ementary basis functions at 4 GHz; hence, the orig-
inal problem involves 26973 unknowns. A set of 20
MBFs has been determined using the multiple scat-
tering approach described in [8, appx. B]. Thus, the
number of unknowns in the compressed system of
equations is brought down to 1620.
The realized gain has been computed for the case
in which one element is excited with a unit voltage,
while the other antennas are passively terminated
with a 200 Ω impedance. In Fig. 2 the realized
gains in the E-plane obtained using the standard
MBF technique and the MBF + multipoles tech-
nique here described are compared with the real-
ized gain obtained using the direct MoM solution.
The three solutions are in very close agreement.
The simulation times required by a AMD Opteron
852/2.6 GHz CPU are shown in Table 1. It is ob-
vious that neither direct MoM nor the MBF tech-
nique can be applied to eﬃciently solve this type of
problem: both lead to prohibitive simulation times.
The bottleneck of the MBF technique is the process
of ﬁlling the reduced MoM impedance matrix. This
process is accelerated applying multipole decompo-
sitions to the construction of such matrix. The ﬁll-
ing time is then reduced from 24864 s to 1235 s.
3.2 2D leaky-wave antenna
The second experiment consists of a 2D-periodic
leaky-wave antenna of the type described in [9].
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Figure 2: Embedded element realized gain for the array
depicted in Fig. 1 obtained with classical MoM, MBFs, and
MBFs + multipoles.
The selected substrate has r = 1.1 and is 1.23 cm
thick, the simulation frequency is 12 GHz. An
elementary horizontal electric dipole is used as a
source; it is placed at the center of the structure,
in the middle of the slab. The partially reﬂecting
sheet (PRS) on the dielectric-air interface is made
of 1.25 cm long and 1 mm wide metal patches. For
simulation purposes, the metal patches are grouped
in a larger cell made of 4 such metal patches along
the x direction (see Fig.3). Thus, the PRS consists
of an array of 11 × 11 cells (484 patches), which
has been discretized with 33396 elementary basis
functions. Upon applying the MBF technique, the
number of unknowns is brought down to 1089. Be-
sides, the use of the multipole acceleration allows
one to reduce the ﬁlling time of the reduced MoM
impedance matrix from 662 s to 16 s in a Intel
Core i7 CPU/2.20GHz, without a perceptible im-
pact in the computed radiation pattern. Indeed, in
Fig. 4 the power pattern obtained with the MBF
solution is shown along with the error between the
MBF+multipoles and MBF solutions, deﬁned as
10 log10(| EMBF+mult.(θ, φ)− EMBF(θ, φ)|2). A very
good agreement is found between the diﬀerent set
of results, with a relative error less than 0.07%
(∼ −30 dBi) for the proposed technique.
4 CONCLUSION
A fast Macro Basis Functions analysis has been pre-
sented for non-periodic ﬁnite printed arrays and 2D
periodic leaky-wave antennas. By expressing the
spatial-domain Green’s function in closed-form as
a ﬁnite sum of cylindrical waves and one spherical
wave term, the reaction integrals between MBFs
can be obtained exploiting multipole expansions.
This leads to an eﬃcient ﬁlling of the reduced MoM
impedance matrix. The computation of these reac-
tion integrals is dominated by the operations asso-
ciated with the spherical wave (extracted average
homogeneous medium). Thus, we are able to deal
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Table 1: Simulation times in s for the random array made of 81 bowtie antennas.
Method MBF GFs Patt. Model. Matrix LU Solve Total
gen. tab. ﬁlling fact. 1 RHS
Direct MoM n/a 285.21 n/a n/a 24864 13913 471 39533.21
MBF 64.55 285.21 n/a n/a 24864 3.5 0.05 25217.31
MBF + mult. 64.55 n/a 42.07 n/a 1235 3.5 0.05 1345.17
Figure 3: Surface current density on the PRS’ metaliza-
tions in dBA/m2.
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Figure 4: Normalized power pattern for the antenna in
Fig.3 obtained with classical MBFs and MBFs + mult. error
w.r.t. the MBF solution.
with planar layered media without increasing the
order of the complexity compared to the case of a
homogeneous medium. Ongoing work consists of
further accelerating the spherical-wave part by ex-
panding it into cylindrical waves [10].
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